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Influence of classic noise on entangled state formation in parametric systems
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A study of “high temperature” entangled states in a system of two parametrically coupled quan-
tum oscillators placed into independent thermal baths is performed taking into account partially
coherent parametric pump. Processes in an open system are considered based on the Heisenberg-
Langevin formalism. We obtain a closed system of equations for the averaged quadratic correlation
functions in quantum stochastic problem as a result of Markov processes approximation. On the
basis of numerical calculations the dynamics of the logarithmic negativity, which is the measure
of entanglement in the system, is investigated. It is shown that the partial coherence of the para-
metric pump makes the lifetime of the entangled states finite. The threshold characteristics of the
formation and existence of these states are specified.
PACS numbers: 03.65.Yz , 42.65.Lm, 03.67.Bg
I. INTRODUCTION
According to the superposition principle underlying
the basis of quantum mechanics, a many-particle system
may be found in a so-called entangled state [1]. At the
present time, the entangled states of several quantum-
mechanical objects are actively considered as a special
nonlocal resource which can be effectively used for solv-
ing a broad range of quantum-optical problems dealing
with quantum information transfer and quantum calcula-
tions [1–3] (including cryptography [1, 3, 4] and metrol-
ogy [5–7]). The main obstacle on the way of practical
application of this resource is decoherence [2, 8]. In the
general case, the loss of quantum coherency (and, as a
result, destruction of entangled states) is caused by in-
teraction of subsystems with an environment possessing
a great number of degrees of freedom (for example, ther-
mal bath). It is worth noting that the rate of a decoher-
ence process increases together with the rise of tempera-
ture [2].
In recent years, the possibility of retaining the entan-
glement during a long time at finite temperatures in the
active systems due to the constant energy inflow has been
actively discussed [9]. In particular, in Refs. [10–13]
the problems of two coupled oscillators under the con-
ditions of parametric instability development have been
considered. The given physical model enables one to
examine the process of the entangled states formation
in even more complicated situations, for example, mi-
crowave superconducting resonators [14], nanomechanics
oscillators [15], and optomechanical systems [16]. Be-
sides, it should be noted that at present analogous pro-
cesses are observed in biological macromolecules under
the action of the short laser pulses [17–19].
In Ref [10] the case when the parametric pumping is re-
alized by variation of the coefficient of linear interaction
between oscillators, each placed into its own bath, has
been researched. In the paper the existence of the entan-
glement within the temperature range from zero to the
critical value, which may be rather high and determined
by the instability increment, has been demonstrated. In
Ref [11] an analogous system with oscillators placed into
one common bath has been studied, and the occurrence
of entanglement at relatively high temperatures has been
shown too. In Ref [12] the occurrence of the entangled
state of two oscillators under the parametric action upon
only one of them (in the absence of linear interaction be-
tween them, but with mediate connection through the
non-Markovian bath) has been discussed.
In contrast to the papers [10–12] enumerated above,
in our work peculiarities of high-temperature entangled
states formation under the conditions of partially coher-
ent parametric pumping are considered. The presence
of an additive noise connected with pumping has an es-
sential influence on statistical processes in the classical
parametric systems [20]. In the quantum case such noise
leads to a noticeable efficiency decrease of non-classical
(for example, squeezed) atomic states generation [8, 21].
The study of entanglement for two oscillators coupled
parametrically in the situation similar to that discussed
in [10], but taking into account the partial coherency
of pumping, is performed on the basis of Heisenberg-
Langevin formalism [8]. In this case, according to the ro-
tating wave approximation for Markovian processes, one
succeeds in obtaining a closed set of equations for the av-
eraged quadratic combinations of both the creation and
the annihilation operators and in calculating the logarith-
mic negativity to characterize the entanglement degree of
oscillators states.
II. DESCRIPTION OF THE OPEN
DISSIPATIVE SYSTEM UNDER PARTIALLY
COHERENT PUMPING
A. The model and the basic approximations
Let’s consider two linearly coupled identical quan-
tum harmonic oscillators with the same eigen frequencies
ω1 = ω2 = ω and with corresponding annihilation (cre-
2ation) operators aˆ1 (aˆ
†
1) and aˆ2 (aˆ
†
2). By analogy with
the problem investigated in the paper [10] we shall sup-
pose that each oscillator interacts with its own environ-
ment having a great number of freedom degrees, i. e., it
is placed into an isolated thermal bath. In this case evo-
lution of the whole system is determined by the Hamil-
tonian Hˆ , which may be written in the form of three
terms:
Hˆ = HˆS + HˆB + HˆI . (1)
Here
HˆS=
2∑
j=1
~ω
(
aˆ†j aˆj+
1
2
)
+
~ω
2
c (t)
(
aˆ1+aˆ
†
1
)(
aˆ2+aˆ
†
2
)
(2)
presents the Hamilton operator for the subsystem of two
oscillators with the coupling coefficient c (t) depending
on time t. Further, let’s choose the function c (t) varying
nearly harmonically
c (t) = ε cos
(
Ωt− ϕ (t)). (3)
with the amplitude of oscillations ε and the frequency
Ω, close to the value of 2ω satisfying the condition of
parametric instability development in the classical prob-
lems [22], namely, |Ω−2ω| ≪ ω. However, unlike [10]
where the ideal situation of coherent monochromatic ac-
tion was considered, we shall take into account the phase
fluctuations ϕ (t) in the coupling coefficient c (t), which
occurs naturally in the real situations. Besides, we shall
suppose that the random phase ϕ (t) has a zero mean
value and presents a Wiener process, whose derivative
(in general sense) ϕ˙ (t) is a normal white noise with the
spectral width D, i. e., the following relations [8]
〈ϕ〉ϕ = 0, 〈ϕ˙ (t) ϕ˙ (t′)〉ϕ = 2Dδ (t− t′) , (4)
are satisfied. It should be noted that in (4) averaging
is performed over the ensemble of realizations ϕ. Here-
inafter, a dot over the function or operator will denote
the time derivative t.
We shall suppose that the thermal baths represent two
(j = 1, 2) independent ensembles consisting of a great
number of simple harmonic oscillators. These oscillators,
making no contact with each other, have frequencies ωjk,
respectively, and are characterized by the annihilation
(creation) operators bˆjk (bˆjk), satisfying the boson com-
mutation relations. Thus, the second term HˆB, standing
on the right-hand side of the relation (1) being in essence
the Hamilton operator of the aggregate environment for
the dedicated (by us) subsystem, will be written as fol-
lows
HˆB =
2∑
j=1
+∞∑
k=1
~ωjk
(
bˆ†jk bˆjk +
1
2
)
. (5)
The last term HˆI in Eq. (1) is nothing more but a
Hamiltonian of interaction for the coupled quantum har-
monic oscillators with their own thermostats. Exactly HˆI
causes the dissipative processes leading to decoherence.
In the situation described above HˆI has the following
form:
HˆI =
2∑
j=1
+∞∑
k=1
~gjk
(
aˆj + aˆ
†
j
)(
bˆjk + bˆ
†
jk
)
, (6)
where the coefficients gjk determine the action degree of
the k-th mode of the j-th bath upon the j-th oscillator.
The described model may be essentially simplified if
one applies the rotating wave approximation [8] widely
used in quantum optics. This approximation takes into
consideration only resonant terms of the total Hamilton
operator Hˆ . In addition, we make an assumption about
the Markov nature of the random processes [8], associ-
ated with the presence of thermal baths. Firstly, under
weak coupling with thermostats when gjk
/
ω ≪ 1, the
considered subsystem interacts actively with its environ-
ment only in a narrow spectral band from ω − δω to
ω + δω (δω
/
ω ≪ 1), i. e., with simple oscillators hav-
ing values of ωjk close to the value of ω. In this case
and at small amplitude ε (ε ≪ 1) of pumping c (t) in
the form (3) and at the period τΩ = 2pi
/
Ω of its varia-
tion comparable with the half period τω = 2pi
/
ω of eigen
oscillations of the small system one may neglect the non-
resonance terms of the Hamiltonians HˆI and HˆS , pro-
portional respectively to aˆj bˆjk, aˆ
†
j bˆ
†
jk, aˆ1aˆ2e
−iΩt, aˆ1aˆ
†
2,
aˆ†1aˆ2 and aˆ
†
1aˆ
†
2e
iΩt. Note that in this case it is admit-
ted that all characteristic times of relaxation processes
are large in comparison with τω . Secondly, we’ll consider
that the coefficients gjk for each k-th mode of j-th bath
from the spectral band with the width 2δω near the point
ω are practically the same and approximately equal to
one and the same constant value depending on ω: g (ω)
(g (ω)
/
ω ≪ 1), i. e., gjk ≈ g (ω), if ω−δω ≤ ωjk ≥ ω+δω.
With a knowledge of the total Hamiltonian Hˆ of the
considered model and using the assumptions described
above, it is not difficult to obtain a system containing
two coupled Heisenberg-Langevin equations
˙ˆAj= i∆
2
Aˆj−Γ
2
Aˆj−iωε
4
Aˆ†3−jeiϕ+Fˆj(t) ei∆t (j=1, 2) (7)
for the slowly varying annihilation operators
Aˆj(t) = aˆj(t) eiΩt/2 (j=1, 2) , (8)
which may be obtained by eliminating the high-frequency
dependence on time from each aˆj(t). Here ∆ = Ω−2ω is
the difference from the condition of the exact parametric
resonance, Γ = 2pig2(ω)Q (ω) is the damping coefficient
characterizing the rate of dissipative processes caused by
interaction of each quantum harmonic oscillator with its
thermal environment, Q (ω) is the states density in the
identical thermostats corresponding to ωjk = ω. Each
j-th equation (7) contains a noise operator Fˆj (t), de-
pending on variables of j-th bath. Both Fˆj (t) have a
3zero mean value, i. e., 〈Fˆj (t)〉R= 〈Fˆ†j (t)〉R=0, and sat-
isfy the following correlation relationships:
〈Fˆj (t) Fˆj′ (t′)〉R = 〈Fˆ†j (t) Fˆ†j′ (t′)〉R = 0, (9)
〈Fˆj (t) Fˆ†j′ (t′)〉R = Γ (nT + 1) δ (t− t′) δjj′ , (10)
〈Fˆ†j (t) Fˆj′ (t′)〉R = ΓnT δ (t− t′) δjj′ , (11)
where quantum-mechanical averaging is meant by 〈. . .〉R,
the indexes j and j′ possess values 1 or 2, and
nT =
(
e~ω/kBT − 1
)−1
(12)
is the mean number of equilibrium bosons (thermal
quanta) with the energy of ~ω at the temperature T
and kB is the Boltsman constant. Let us underline the
fact that the noise operators Fˆj(t), having correlating
properties (9), are required to preserve the commutation
relations
[
Aˆj(t) , Aˆ†j(t)
]
=1 at any time moment. In fact
the presence of both relaxation and noise terms at the
same time in Eqs. (7) is the manifestation of fluctuation
dissipative theorem of the statistic mechanics, according
to which the dissipation is always accompanied by
fluctuations.
According to the relations (1), (2), (5) and (6) the
Hamiltonian Hˆ of the complete system is bilinear with
respect to operators aˆj and aˆ
†
j (j = 1, 2). This implies
that if the considered quantum harmonic oscillators ini-
tially are in the Gaussian states they will preserve this
states in the sequel [3]. Quantum correlations of Gaus-
sian states depend only on the second-order momenta,
i. e., they are completely characterized by the covariance
matrix σ [23]. For the case when an initially dedicated
subsystem is divided into two parts (as in our case), the
elements of the matrix σ are calculated by the formula
σmn = 〈ξˆmξˆn + ξˆmξˆn〉
/
2− 〈ξˆm〉〈ξˆn〉, (13)
where indexes m and n take on the values from 1 to
4, and ξˆm and ξˆn are the corresponding components of
the four-dimensional vector ξˆ = ( qˆ1, pˆ1, qˆ2, pˆ2 )
T
, whose
components are determined in terms of dimensionless op-
erators of coordinates qˆ1, qˆ2 and pulses pˆ1, pˆ2 of two in-
teracting elements of the considered small system. For
the j-th (j = 1, 2) quantum harmonic oscillator, qˆj and
pˆj are coupled with the annihilation operator aˆj and the
creation operator aˆ†j in the following way:
qˆj =
1√
2
(
aˆj + aˆ
†
j
)
, pˆj =
i√
2
(
aˆ†j − aˆj
)
. (14)
The expression (13) yields the conclusion that σ may be
written in the block representation
σ =
(
α γ
γT β
)
, (15)
where each block α, β, γ and γT has the same dimension
2 × 2. Here α and β are,correspondingly, covariant ma-
trix of the first and the second oscillators (separately),
and their cross-correlations are characterized by the γ
matrix. It should be noted that for the discussed case in
the relation (13) the sign 〈. . .〉 means both the quantum-
mechanical averaging and the averaging over the ensem-
ble of realizations of the random Wiener process ϕ (t),
describing phase fluctuations of partially coherent para-
metric pumping.
B. Logarithmic negativity as a measure of
entanglement
Within the framework of the model used here, first
of all, we are interested in the features of the forma-
tion and keeping up of the high-temperature entangled
states of harmonic oscillators coupled parametrically in
the presence of the phase fluctuations in the pumping.
Let’s choose the so-called logarithmic negativity EN [24]
as a measure characterizing the entanglement degree of
the considered quantum- mechanical objects. In the gen-
eral case, it is determined for a composite quantum sys-
tem which is the combination of two arbitrary abstract
particles having their individual density matrix ρˆ
(1)
n and
ρˆ
(2)
n correspondingly. In such a system, the value of
EN strictly vanishes at the hybrid separable states [25],
for which the density operator ρˆ may be presented (not
uniquely) in the form of a sum of tensor products ρˆ
(1)
n
and ρˆ
(2)
n :
ρˆ =
∑
n
κnρˆ
(1)
n ⊗ ρˆ(2)n , κn > 0,
∑
n
κn = 1. (16)
On the contrary, the nonzero value of EN clearly indi-
cates that the entanglement between two constituent el-
ements occurs, i. e., we speak about quantum correlations
which have no classical analogue. In this connection, in
the situation when the number of levels is not bounded
above, the value of EN may be arbitrarily large [23].
The logarithmic negativity EN is widely used and is
frequently mentioned in the literature (see, for example,
[3, 4, 10–13, 25]). In the case of the Gaussian states,
EN is completely determined by symplectic spectrum
ν˜m (m = 1, . . . , 4) of the covariance matrix σ˜ = ΛσΛ,
where Λ = diag
[
1, 1, 1, −1 ] is the 4 × 4 diagonal
operator. Actually,
EN = −1
2
4∑
m=1
log2
[
min
(
1, 2 |ν˜m|
)]
. (17)
It is necessary to emphasize that ν˜m (m = 1, . . . , 4)
coincides with the normal eigenvalues of the matrix
product −iJσ, in which
J =
(
O I
−I O
)
, O =
(
0 0
0 0
)
, I =
(
1 0
0 1
)
. (18)
As noted in the preceding section, the covariance ma-
trix σ can be presented in the block form (15). In this
4connection by virtue of restrictions applied by both the
symmetry property and the uncertainty principle, the de-
terminants of the blocks α, β, γ and γT are symplectic
invariants [26]. That is why the quantum correlations,
which are present in the system and which we are inter-
ested in, may be expressed in terms of the four quantities
A = detα, B = detβ, C = det γ, Σ = detσ. (19)
In particular, it follows from (17) that the logarithmic
negativity EN is nothing more but
EN = max
(
0,− log2
[
2ν˜−
])
, (20)
where
ν˜−=
√
1
2
(
(A+B−2C)−
√
(A+B−2C)2−4Σ
)
(21)
is minimal in modulo value among the symplectic spec-
trum ν˜m (m = 1, . . . , 4) of the σ˜ matrix. The difference
of EN from zero means that ν˜− < 1
/
2. The given in-
equality may be easily transformed to the necessary and
sufficient condition of entanglement presence for the two-
particle (or two-mode) Gaussian states formulated by R.
Simon [27].
Thus, in order to give a quantitative characteristic and
in the same way to study the entanglement dynamics of
the parametrically coupled quantum oscillators at the ar-
bitrary time moment t, it is necessary to calculate the log-
arithmic negativity EN using the relations (20) and (21).
Wherein, it is required to know the behavior of all ele-
ments of the covariance matrix σ depending on t. Ac-
cording to (13) and (14), σ consists of quadratic combi-
nations 〈aˆj aˆj′ 〉 and 〈aˆ†j aˆj′ 〉 of annihilation operators aˆj
and birth operators aˆ†j, where indexes j and j
′ take on
values 1 or 2. Quantities 〈aˆj aˆj′〉 and 〈aˆ†j aˆj′ 〉 can be found
for an arbitrary value of t using Heisenberg-Langevin
equations (7). However, the presence of phase fluctua-
tions ϕ (t) of partially coherent parametric pumping (3)
and the necessity of additional (except for quantum-
mechanical) averaging over the ensemble of random
Wiener process realizations ϕ (t) create a number of dif-
ficulties and lead to significant modifications of the stan-
dard procedure. The next section will be devoted to the
derivation of a closed system of ordinary differential equa-
tions (ODEs) permitting us to calculate symplectic in-
variants (19) in the presence of classical noise in the time-
varying coefficient of coupling between two oscillators (3).
C. Calculation of covariance matrix elements
It follows immediately from the Heisenberg-Langevin
equation (7) that a four-dimensional vector
vˆ =
(
Aˆ1, Aˆ†2eiϕ, Aˆ2, Aˆ†1eiϕ
)T
(22)
satisfies the evolution equation of the following form:
˙ˆv(t) =Kvˆ(t) + ϕ˙(t)Lvˆ(t) + fˆ(t) . (23)
Here the vector
fˆ =
(
Fˆ1ei∆t, Fˆ†1ei(ϕ−∆t), Fˆ2ei∆t, Fˆ†1ei(ϕ−∆t)
)T
(24)
is determined by phase fluctuations ϕ(t) of the paramet-
ric pumping and by the noise operators Fˆj(t) and Fˆ†j (t)
(j = 1, 2), K and L = diag [ 0, −i, 0, −i], in their turn,
represent the 4 × 4 matrix, whose elements are indepen-
dent of time. Particularly
K=
(
M O
O M
)
, M=
(
(i∆−Γ )/2 −iωε/4
iωε
/
4 −(i∆+Γ )/2
)
. (25)
In the case when a random phase ϕ (t) is given by the
Wiener-Levi process, for the stochastic linear inhomoge-
neous equation (23) one can find a general solution [28]:
vˆ (t) = e(K−DL
2)t+Lϕ(t)

vˆ (0) +
t∫
0
e−(K−DL
2)t′−Lϕ(t′)fˆ (t′)dt′

, (26)
where vˆ(0) is constructed of corresponding Schroedinger
operators Aˆj(0) and Aˆ†j(0) (j=1, 2). Note that when
the thermodynamically equilibrium state is chosen as the
initial state, from the expression (26) with account of
〈Fˆj(t)〉= 〈Fˆ†j (t)〉= 0 it follows that quantum-stochastic
mean values of Heisenberg operators aj(t) and a
†
j(t) are
equal to zero at any moment t, i e. 〈aˆj(t)〉=〈aˆ†j(t)〉=0.
In order to calculate the averaged quadratic quantities
〈aˆj aˆj′〉 and 〈aˆ†j aˆj′〉, we shall also use the equalities (7),
from which for the components of three-dimensional vec-
tors
uˆ1=
(
Aˆ1Aˆ2e−iϕ, 1
2
(
Aˆ†1Aˆ1+Aˆ†2Aˆ2
)
, Aˆ†1Aˆ†2eiϕ
)T
, (27)
uˆ2=
(
Aˆ22e−iϕ, Aˆ†1Aˆ2, Aˆ†21 eiϕ
)T
, (28)
uˆ3=
(
Aˆ21, Aˆ†1Aˆ2eiϕ, Aˆ†21 e2iϕ
)T
, (29)
uˆ4= uˆ1e
iϕ, uˆ5= uˆ2e
iϕ (30)
one may obtain five independent close systems of equa-
tions, respectively:
˙ˆun(t) = V uˆn(t) + ϕ˙ (t)Wnuˆn(t) + rˆn(t) . (31)
Here n = 1 . . . 5 , V and Wn are the 3 × 3 matrix with
constant in time elements having the following form:
V =

i∆− Γ −iωε
/
2 0
iωε
/
4 −Γ −iωε/4
0 iωε
/
2 −i∆− Γ

 , (32)
W1 =W2 = diag [−i, 0, i ] , (33)
W3 =W4 =W5 = diag [ 0, i, 2i ] .
5By analogy with fˆ (t) vectors rˆn (t) are determined by
the phase fluctuations ϕ (t) of the parametric pump-
ing (3) and by the noise operators Fˆj(t) and Fˆ†j (t), more
exactly, by various combinations arising as a result of
multiplication of Fˆj(t) (or Fˆ†j (t)) and Aˆj′(t) (or Aˆ†j′(t)),
where j, j′ = 1, 2. In view of the fact that the expressions
for the components of given vectors are too lengthy, we
shall not list them in the exact form, but only write their
mean values for each of rˆn(t):
〈rˆ1(t)〉 =
(−iωε/4, ΓnT , iωε/4 )T , (35)
〈rˆ2(t)〉 = 〈rˆ3 (t)〉 = 〈rˆ5 (t)〉 = ( 0, 0, 0 )T , (36)
〈rˆ4(t)〉 =
(
iωεe−Dt
/
4, ΓnT e
−Dt, −iωεe−Dt/4 )T . (37)
When performing the calculations of these mean val-
ues we have employed both the general solution (26) of
Eq. (23) and correlation relations (9). Besides, we have
assumed that Fˆj(t) and Aˆj(0) are statistically indepen-
dent.
Basing on the formalism of stochastic differential equa-
tions and the properties of the Ito stochastic inte-
grals [28], one can show that for a random variable ϕ (t),
governed byWiener process and satisfying conditions (4),
the sequential averaging of the expressions (31) over en-
semble of phase fluctuations ϕ (t) of parametric pumping
and over quantum-mechanical noise, caused by the inter-
action of a small system of two coupled oscillators with
the environment, leads to the following exact equations
˙〈un〉 =
(
V +DW 2n
) 〈uˆn〉+ 〈rˆn〉 (n = 1 . . . 5) . (38)
In total, considering each of these relations as a set of
the third order ODEs with respect to the components of
the vector 〈uˆn(t)〉 and solving it, for example, with the
help of one of the Runge-Kutta methods [29], it is easy
to find mean values of the operators AˆjAˆj′ and Aˆ†jAˆj′
(j, j′ = 1, 2), allowing to restore the behavior of covari-
ance matrix elements σ and to determine the desired
dependence EN (t).
III. LOGARITHMIC NEGATIVITY DYNAMICS
In this section, we present the results of numerical
analysis of the behavior of the logarithmic negativity
EN (t) during the evolution of the system on the basis of
Eqs. (38). The aim of the study is to demonstrate the ef-
fects arising from the accounting for the partial coherence
and their impact on the generation and maintenance of
entanglement in a system of two parametrically coupled
oscillators in the presence of interaction with the envi-
ronment. First of all, note that according to calculations,
the behavior of EN (t) does not vary qualitatively till the
value of detuning ∆ = Ω − 2ω lies within the interval
(−∆∗, ∆∗), where ∆∗ =
√
ω2ε2 − 4Γ 2/2, i. e., the con-
ditions under which parametric instability develops [22].
Further, for the sake of certainty, we shall limit ourselves
to discussion of the situation with the exact resonance,
0
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FIG. 1. (Color online) The dynamics of logarithmic nega-
tivity EN (t) characterizing the entanglement degree of two
oscillators coupled parametrically in the presence of interac-
tion with the environment (in the form of two independent
thermal baths) is presented for three values of phase-induced
spectral width of the pumping line: D
/
ω = 0 (red solid line),
D
/
ω = 10−10 (green dashed line), D
/
ω = 10−8 (blue dotted
line). For each of these cases Q = ω
/
Γ = 5000, the tempera-
ture T of the system corresponds to the mean number of the
equilibrium bosons nT = 10 , and the amplitude of coupling
force c (t) is equal to ε = 1.6 · 10−2.
when Ω = 2ω; in this case the process of formation of
entangled states for two quantum harmonic oscillators is
most effective. It should be also noted that all the figures
given below (for the convenience of their comparison) are
plotted at the fixed ratio Q = ω
/
Γ = 5000, which in fact
is a quality factor of the oscillators. Thus, a certain re-
lation between the eigen frequency ω and the damping
coefficient Γ is established, and in the relations (38) spec-
tral width D, detuning ∆ and time t may be normalized
to ω. When solving ODEs (38), mean square quantities
corresponding to the non-entangled thermodynamically
equilibrium states are used as the initial conditions.
For the coherent pumping, i. e., when D = 0, the re-
sults of our calculations agree with the conclusions pre-
sented in the paper [10] where they are obtained (includ-
ing non-Markovian approximation) using the description
of small subsystem by dint of the density matrix for-
malism. Dynamics of the logarithmic negativity EN (t)
in this situation is shown in Fig. 1 by a red solid line.
One can see that entanglement between two coupled
oscillators occurs only after some time, depending on
the environment temperature T (which means that it
also depends on the number of equilibrium bosons nT ).
Later EN increases monotonically in time and finally goes
to the non-zero steady-state value EstN = EN (t→∞),
which points out the arbitrarily long-term existence of
entanglement in the considered system. To form such
states the amplitude ε of coupling coefficient c (t) needs
to be greater than the threshold one ε0 = 4nT
/
Q. In
other words, there exists a limiting number nT 0 = Qε
/
4
of equilibrium bosons in the baths, determining the crit-
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FIG. 2. (Color online) (a) The normalized to frequency ω life-
time τ of the entanglement states of two quantum harmonic
oscillators coupled parametrically depending on the spectral
width D of the pumping noise and the number nT of equilib-
rium bosons in the baths at the given amplitude ε = 1.6 ·10−2
of the coupling coefficient c (t). (b) The normalized to fre-
quency ω lifetime τ of the entanglement in the considered
system depending on D and ε at the fixed temperature T ,
corresponding to nT = 10. White solid line shows the in-
terface between the domains with τ 6= 0 and τ = 0. Green
dashed line presents the analytic approximation (39).
ical temperature T0. At the values of T higher than crit-
ical, the entanglement never occurs. At the given ε the
final degree of oscillators entanglement, characterized by
EstN , increases when T (T < T0) decreases. This occurs
due to reducing of decoherence effects caused by the in-
fluence of thermal noise. In turn, at the constant T the
larger amplitude ε corresponds to the larger value EstN .
As one can see from the performed within the frame-
work of Eqs. (38) numerical calculations, taking into ac-
count the phase fluctuations ϕ (t) of partially coherent
pumping c (t) leads to the situation when the arising
(as a result of parametric instability development) high-
temperature entanglement between two linearly-coupled
quantum harmonic oscillators exists only during a finite
time interval. Particularly, it is seen in Fig. 1, where the
green dashed line and the blue dotted line represent the
dynamics of logarithmic negativity EN (t) at finite val-
ues of the spectral width D of the noise of the coupling
coefficient c (t): D
/
ω = 10−10 and D
/
ω = 10−8. These
curves, unlike the red solid line, corresponding to the case
D = 0, not simply increase monotonically attaining the
positive stationary value EstN , but reach their maximum
at some moment and then vanish again, which testifies
to the disappearance of nonlocal quantum properties in
the considered system. Apparently, such a dependence
EN (t) at D 6= 0 is explained by the gradual increase of
influence of the noise ϕ (t), being the Wiener process, at
the averaged quadratic combinations composed of aˆj (t)
and aˆ†j (t) (j = 1, 2). One might say that a random
phase ϕ (t) of the coupling coefficient c (t) is passed to the
annihilation operators aˆj (t) and the creation operators
aˆ†j (t) and starts to determine their stochastic properties.
Eventually, quantum correlations between two harmonic
oscillators being in Gaussian states and described by co-
variant matrix (13) are destroyed. It should be noted
that the similar (close to the sense) effects have been
discussed in Ref [21], where a sudden death of the en-
tanglement between particles with spin placed into the
fluctuating magnetic field has been shown.
Let us define the time interval during which the
logarithmic negativity EN (t) is strictly nonzero (i. e.,
EN (t) > 0) as the lifetime τ of the entangled states in
the considered system. The distribution of τ depending
on the spectral width D of the noise in the pumping,
normalized to ω, and on the number nT of equilibrium
bosons in the baths determining the temperature T
according to (12) at the given amplitude ε of c (t) is
presented in Fig. 2(a). One can see that at the fixed nT
the more D, the less τ . For the D exceeding some critical
value D0, the lifetime τ vanishes. In this case the entan-
glement between two considered oscillators never occurs.
The similar situation is observed if we increase nT ,
i. e., raise the temperature T at a chosen D. Note that
the number nT 0 (D = 0) = Qε
/
4 determines, according
to (12), the maximal limiting temperature T0max, with
the entanglement states formation region beneath it.
For the case presented in Fig. 2 (a), parameters are
ε = 1.6 · 10−2, nT 0 (D = 0) = 20. Here the white solid
line starting from the point with the components D = 0
and nT 0 = 20 divides the parameters plane log10
(
D
/
ω
)
and nT into two domains: in one of which the lifetime τ is
nonzero and in the other τ = 0. For the interface of these
domains we have written the analytic approximation:
nT 0=
Qε
4
[
1+
((
a1
√
ε+b1
)
Q+a2ε+b2
)√D
ω
]−1
, (39)
where numbers a1 = 2.08, b1 = −4 ·10−2, a2 = −1.9 ·103,
b2 = −4.82 are selected to best match the results of
numerical simulation. Approximation (39) has a high
degree of accuracy up to D/ω . 10−6. This fact is
substantiated by Fig. 2, where the green dashed line
corresponds to the formula (39). The given approxima-
tion permits us to find the critical temperature T0 and
the threshold value of amplitude ε0 of oscillations of the
coupling coefficient c (t) at the finite spectral width D
of phase fluctuations of the pumping.
The distribution of lifetime τ of the entanglement
of two parametrically coupled quantum harmonic os-
cillators depending on log10
(
D
/
ω
)
and ε at the fixed
number nT = 10 of equilibrium bosons in baths is shown
in Fig. 2 (b). Here as well as in the inset (a), the white
solid line divides the plane of parameters log10
(
D
/
ω
)
and ε into two parts, in one of which the lifetime τ 6= 0,
is nonzero and in the other τ = 0. The minimum of
the threshold amplitude ε0, exceeding which makes it
possible to generate temporarily the entanglement in
the considered system, corresponds to D = 0, and is
equal to ε0min = 4nT
/
Q = 0.8 · 10−2. From Fig. 2 (b),
in particular, it follows that for sufficiently coherent
pumping the maximal lifetime τ of the created entangled
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FIG. 3. (Color online) (a) The normalized to frequency ω
lifetime τ of the entanglement between two coupled quan-
tum harmonic oscillators and (b) the maximal value ENmax
of logarithmic negativity depending on the amplitude ε of
coupling coefficient c (t) at the fixed spectral width of the
noise D/ω = 10−10 in the partially coherent pumping and
at three values of the number of equilibrium bosons in the
baths: nT = 10 (red solid line), nT = 20 (green dashed line)
and nT =30 (blue dotted line).
states is reached close to ε0 (D). The same can be seen
from Fig. 3 (a), where the dependences τ on ε at the fixed
spectral width of the phase fluctuation D/ω = 10−10
and at three values of the number of equilibrium bosons
in the baths: nT = 10 (red solid line), nT = 20 (green
dashed line) and nT = 30 (blue dotted line). However,
it is necessary to emphasize that for various practical
applications it is important to know not only the dura-
tion τ , but also the entanglement degree of the formed
states too. It is actually characterized by the maximal
value ENmax, which the logarithmic negativity EN (t)
reaches in the evolution process of the discussed system.
In Fig. 3 (b) the functions ENmax (ε) obtained as a
result of numerical calculations at the same parameters
as the curves from inset (a) are shown. One can see
that ENmax increases monotonically with the growth of
ε. Thus, with the rise of ε, the entanglement becomes
more qualitative but less “long-living”. These facts must
be taken into consideration when choosing the optimal
amplitude ε of the harmonic variation of the coupling
coefficient c (t) between the oscillators.
IV. CONCLUSIONS
Thus, we have studied the peculiarities of the high-
temperature entanglement formation under the condi-
tions of partially coherent pumping in a system contain-
ing two identical quantum harmonic oscillators coupled
linearly, each of them being embedded in a separate inde-
pendent thermal bath. The discussed problem is impor-
tant and rather actual from the point of view of creating
and maintaining the entangled states in the mesoscopic
quantum systems. In conclusion let us summarize our
work.
In the case of coherent pumping, when the spectral
width of the noise equals zero, our results agree with the
conclusions made in the paper [10], where the descrip-
tion of a small system was made by dint of the density
matrix formalism. In particular, we have demonstrated
using a more intuitive approach that the entangled states
with arbitrarily great lifetime and characterized by the
stationary logarithmic negativity are formed as a result
of parametric instability development (i. e., monotonic
increase of the stored energy) when the coupling coef-
ficient between two oscillators are varied harmonically,
even in the presence of thermal baths. In order to form
such states it is necessary for the amplitude of pumping
oscillations to exceed some critical value proportional to
the environment temperature. By analyzing the given
relation depending on the pumping amplitude, one can
find the limiting temperature, up to which the described
above entanglement occurs.
For the considered way of pumping the presence of
classical phase noise in it (which is natural for the real
conditions) leads to the situation when the entanglement
between two quantum harmonic oscillators occurs and
exists only during a finite time interval. This interval may
be easily determined using the condition of the nonzero
value of logarithmic negativity, which first increases up to
some maximum and then decreases and vanishes accord-
ing to the performed calculations and within the frame-
work of our approximations. The spectral width of the
noise has some threshold value, starting from which the
formation of entangled states in the discussed system be-
comes impossible. The given threshold value increases
monotonically with increasing pump amplitude.
At the fixed values of the bath’s temperature and of
the spectral line width of parametric action the maximal
lifetime of the entangled states is observed close to the
threshold (in pumping amplitude). The degree of entan-
glement (being defined by the value of the logarithmic
negativity) increases monotonically with growing ampli-
tude of the harmonic variation of the coupling parameter
between quantum oscillators. This fact should be taken
into consideration in various practical applications, when
the quality of the entangled states is as important as the
time of their existence.
Note that in addition to classical phase noise in the
pumping, as it was mentioned in papers [10, 11], one of
the basic factors destroying the entanglement between
two identical oscillators coupled parametrically, may be
their nonlinearity, which sooner or later must show itself
during the monotonic growth of the stored energy and
constrain this process. In our opinion, it will be inter-
esting to determine lifetime of the entangled states, for
example, in the problem analogous to that discussed in
the given work, but supposing a weak inverse action of
composite elements upon independent boson thermostats
8under the condition of the local in time perturbation,
i. e., in the Markovian approximation. Thereby, we would
succeed in comparing the degree of destructive influence
of the saturating nonlinearity and partial coherency of
pumping on the effect of occurrence and existence of the
entangled states in the open systems.
The obtained results may be of interest for the theoreti-
cal interpretation of the experiments where the dynamics
of biological macromolecules under the action of short
laser pulses is studied and the presence of long-living
entanglement in the given systems is observed. Note that
under natural conditions such biological macromolecules
are affected by strong noise. In this situation, the
mathematical apparatus developed by us will help to
estimate the quality and lifetime of the entangled states.
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